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An interesting problem in fluid mechanics, with significant educational
importance, is the classic hydrostatic paradox. The hydrostatic paradox states
the fact that in different shaped containers, with the same base area, which
are filled with a liquid of the same height, the applied force by the liquid on
the base of each container is exactly the same. However, if the shape of the
container is different, the amount of the liquid (and as a consequence the
weight) can greatly vary. In this paper, a simple explanation of the hydrostatic
paradox, specifically designed and implemented for educational purposes

regarding secondary education, is provided.

Introduction

The paradoxes in physics have been reported in
several situations [1-4]. Generally, the physi-
cal paradoxes represent peculiar physical situa-
tions that can illustrate how some principles act
in some contexts [5]. A very significant area of
physics which provides many paradoxical situa-
tions is fluid mechanics [5-7]. In this paper, a spe-
cific situation in which a liquid can apply force
greater or smaller than its weight on the bottom
of the container in which it remains at rest is pre-
sented and analysed in detail, concerning phys-
ics lessons in secondary education. The so called
classic hydrostatic paradox was firstly presented
by Blaise Pascal in 1646. In particular, Pascal
inserted a long tube, vertical to a barrel which
was filled with water. The height of the tube was
approximately 10 m. After the insertion of the
tube into the barrel, the tube was also filled with
water. Despite the fact that the weight of the water
did not increase significantly (the tube was very
thin comparing to the barrel), the applied force on
the barrel’s sides led to its destruction. The expla-
nation of the above experiment was based on the
fact that the hydrostatic pressure is increased
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proportionally to the depth below the free surface
of the water, regardless of the shape of the con-
tainer in which the liquid rests. The simple equa-
tion which relates the hydrostatic pressure and
the depth below the liquid’s free surface (Stevin’s
law) is [5, 8, 9]:

P=p-g-h (H
Where, P is the hydrostatic pressure of the liquid
(which is at rest) in a certain point of depth A, p is
the liquid’s density and g the acceleration of grav-
ity. Hence, the force on each elementary area dA
of the barrel increases proportionally to the depth
below the liquid’s free surface. However, accord-
ing to the above statement, the force applied on
the bottom of a container can be significantly
greater than the liquid’s weight depending on
the shape of the container. This paradox is gener-
ally solved by considering the forces on the other
sides of the container [5]. The hydrostatic force is
applied perpendicular to all the walls of the con-
tainer in which the liquid remains at rest. Hence,
the lateral forces produce a contribution which
must be summed or subtracted to the contribution
at the bottom on the vessel. Thus, the correct sum
or difference, of all contributions provides a force

© 2016 IOP Publishing Ltd
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always equal to the weight of the liquid [5]. In this
paper, a complete presentation and explanation of
the hydrostatic paradox was developed aiming at
undergraduate students regarding physics class.

The classic experiment of hydrostatics

Initially, assume a barrel in which a thin tube is
inserted vertically on its top side (figure 1(a)).
The system is filled with liquid. The liquid’s
weight can be easily calculated by the simple
equation:

w=m-g=p-V-g (2)

In equation (2), m is the liquid’s mass, g is the
acceleration due to gravity and p, V are the liquid’s
density and volume, respectively. The liquid’s
volume is equal to the volume of the barrel (Vg)
and the tube (V) as it is presented in figure 1(a):

V=W+ Vr=Ag-hg+Ar - ht 3)

Where, Ag,Art,hg, ht are the cross-sectional
areas and the heights of the barrel and the tube,
respectively. By substituting equation (3) in equa-
tion (2), the weight of the liquid can be calculated
in terms of the geometrical characteristics of the
container (barrel and tube):

w=m-g=p-g-(Ag-hg+Ar-hr)=>w
=p g hg-Ap+p-g-hr-Ar (4)

Equation (4) provides the liquid’s weight as a
function of the barrel’s and tube’s height and
cross-sectional areas. The next step is the calcul-
ation of the applied force on the barrel’s bottom:
Fg=P-Ag =p-g-(hg+hr) - Ag = F
=p-g-hs-As+p-g-hr-Ap

(&)
The comparison of the equations (4) and (5) leads
to the result that the total force on the bottom of the
container is greater than the liquid’s weight (Fg > w)
due to the fact that Ag > Ar. For example, assume
that p = 1000kgm =3, g = 9.8 ms ™2, hr = 9.5m,
hg = 0.5m, Ag = 1 m? and Ar = 103 m?. In this
case, the liquid’s weight is w = 4993.1 N and the
total force on the barrel’s bottom is Fg = 98.000 N.
Hence, the total force on the barrel’s bottom is
significantly bigger than its weight.

In addition to the above, assume a small area
(A= 10cm? = 103m?) at y = 0.25m above the
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Figure 1. (a) A barrel in which a thin tube is inserted
vertically on its top side. The system is filled with
liquid (e.g. water). (b) If the column of the liquid is
divided in small horizontal areas of elementary heights
dy, the horizontal force for each horizontal area is zero.
Hence, the total horizontal force on the tube—barrel
system is zero.

ground, then the force prior the insertion of the
tube can be calculated,

FF=P-A=p-g-(hg—y) - A =245N,

where hg — yis the distance of the small area from
the top of the barrel. Moreover, the total force
post the insertion of the tube can be calculated,

F'=P-A=p-g-(hr+hg—y)-A =9555N

which is 39 times bigger that F’. The above calcul-
ation provides the cause of the destruction of the
barrel after the insertion of the tube.

In order to explain the above paradox, the
total force on the sides of the barrel-tube system
will be calculated. The first step is the calculation
of the total horizontal force on the sides of the
system. If the liquid in the container is divided in
small horizontal areas of elementary heights dy,
the total horizontal force for each area is zero. For
example in figure 1(b):

dFj, —dFR,=p-g-h-dA—p-g-h-dA=0

dF, —dF, =p-g-hy-dA—p-g-hy-dA =0

Where, dA represents an elementary area in which
the force dF acts. Hence, the total horizontal force
is zero, X F, = 0.

The next step is the calculation of the total
vertical force on the bottom and the upper side

PHYSsics EDUCATION
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Figure 2. (a) Shape of the container, (b) the container is filled with liquid (e.g. water) and its volume can be
calculated by summing the volumes V;, V5 and V5 (c) if the column of the liquid is divided in small horizontal areas
of elementary heights dy, the total horizontal force for each area is zero, (d) the total force on each side area of the
container can be calculated from the area under the graph.

of the barrel. The total force applied on the upper
side of the barrel is:

=P -(Ap—Ar)=p-g-hr-Ag—p-g-hr-Ar
(6)

Hence, the total vertical force on the barrel which
is equal to the total force (since the total horizon-
tal force is zero) using also the result from equa-
tion (5) is:

_p.g.hT.AB+p.g.hT.AT

=XF=p-g-hg-Ag+p-g-hr-Ar
Q)

Thus, XF = XF, = w.

As a conclusion, the hydrostatic paradox is
clarified by calculating the total force on every
side of the container in which the liquid remains
at rest. In a container of any shape in general, the
total force on all the container’s sides and the bot-
tom is always equal to the liquid’s weight. The
above statement is also proved in the next two
more complex cases.

July 2016

Two similar cases

Case 1: the liquid’s weight exceeds the
force on the bottom of the container

Assume a container with a shape as presented in
figure 2(a), filled with liquid which remains at rest
(figure 2(b)). As analysed in the previous section,
the liquid’s weight can be expressed in the form
of equation (2). The liquid’s volume can be calcu-
lated assuming a symmetric container as follows:

V:A-h+%-A1~h~cos9+%A2-h-cos&

=A-h+A -h-cosb (8)

Where, A is the container’s bottom area and A;, A,
are the side areas. Due to the symmetric con-
tainer: A = A. In addition, 4 is the height of the
container and 6 is the angle between each side and
the linear ground.

The liquid’s weight can be calculated by sub-
stituting equation (8) in equation (2):

w=p-g-(A-h+A -h-cost)=w
=p-g-h-(A+A -cosd) 9)

PHYSsIcS EDUCATION



S-V Kontomaris and A Malamou

(@) \

(b)

P A

slide area dA

A\
N4

pgh

Figure 3. (a) Shape of the container, (b) the container is filled with liquid (e.g. water), (c) if the column of the
liquid is divided in small horizontal areas of elementary heights dy, the total horizontal force for each area is zero,
(d) the total force on each side area of the container can be calculated from the area under the graph.

Moreover, the total force applied on the container’s
bottom is:

F=P-A=p-g-h-A<w

The next step is the calculation of the total force
on each container’s side. The total applied force
perpendicular on each side can be calculated
by the area under the graph P-A (see appendix)
which is presented in figure 2(d):

p-g-h-A

= Fy= "

(10)
It must be clarified that no mention to the atmo-
spheric force on the walls of the container (due
to the atmospheric pressure) was examined due
to the fact that it is applied equally to both sides
of the walls.

In addition, the force on each side of the con-
tainer can be analysed in two force components:

p-8g-h-A

By, =F) = sin @

pghA g

By = F’Zy =

As mentioned above, if the column of the lig-

uid is divided in small horizontal areas of elemen-

tary heights dy, the total horizontal force for each
part is zero (figure 2(c)):
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dF,, —dF, =p-g-y-sinf-dA
_p.g.y.sine-dA:O
= F — FIZ,C =0

The total vertical force on the container which is

equal to the total force (since the total horizontal
force is zero) can be calculated as follows:

EFyzFl—i-Fzy—Q—F/zy
+%-p-g-A2~h40059

=YXK=p-g-h-A+p-A-g-h-cosf

=YXE=p-g-h-(A+A -cosb) (11D
Hence, the comparison of equations (9) and (11)
proves that the total force on the sides and the bot-
tom of the container is equal to the liquid’s weight.

Case 2: the force on the bottom of the
container exceeds liquid’s weight

Assume a container with a shape as presented
in figure 3(a), filled with liquid which remains
at rest (figure 3(b)). The liquid’s volume can be
calculated assuming a symmetric container as
follows:

PHYSsics EDUCATION
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V:A'h—%'A1~h'COSQ—%A2']’l'COSQ

=A-h—A -h-cosf (12)

Where, A is the container’s bottom area, and
Aj, Ay are the side areas of the container. Due to
the symmetric container: A; = A,. In addition, &
is the height of the container and 6 is the angle
between each side and the linear ground. Hence,
by substituting equation (12) in equation (2):

w=p-g-(A-h—A -h-cosf)=w

=p-g-h-(A—A -cos0) (13)
Moreover, the total force on the container’s bot-
tom is F=P-A=p-g-h-A>w. The next
step is the calculation of the total force on each
container’s side. The total force perpendicular on
each side can be calculated by the area under the
graph P—A which is presented in figure 3(d).
B=F)= p-g h-A

2
Howeyver, the force on each side of the container
can be analysed in two components:

(14)

g h- A
FZX:F’%:%smﬁ

cos 0

p-g-h-A
Fzyngx:f

As mentioned previously, if the column of the
liquid is divided into small horizontal areas of
elementary heights dy, the total horizontal force
for each part is zero (figure 3(c)):

dFy, —dF,=p-g-y-sinf-dA
7p.g.yusin00dA:0
=>F2x—F/2x:O

The total vertical force on the container which
is equal to the total force (since the total horizontal
force is zero) can be calculated as follows:

EF)':Fl_FZy_F,Zy

:>EE‘,:p~g«h-Af%«p~g«A1~h«cos€

_%pgAzhcose

=YXF=p-g-h-A
—p-A-g-h-cosf=XF,

=p-g-h-(A—A;-cosb) (15)
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(b)

Figure Al. (a) Graphical representation of quantities:
a, x, dA, A;. (b) Graphical representation of quantities:
0, h, dx, dy.

Hence, the comparison of equations (13) and
(15) proves that the total force on the sides and
the bottom of the container is equal to the liquid’s
weight.

Conclusion

In this paper a total presentation and explanation
of the classic hydrostatic paradox, regarding the
needs of secondary education is provided. As it
was thoroughly explained also from the two addi-
tional cases presented above, the paradox is gen-
erally solved by considering the sum of the forces
on all sides of the container in which the liquid
remains at rest.

Appendix

Due to the fact that this paper reflects the educa-
tional needs of secondary education, the exten-
sive use of calculus was avoided. Thus, the total
force perpendicular on each side of the contain-
ers in figures 2 and 3 was calculated using the
graph P — A. The above method of calculation
of physical quantities is familiar to the students
of secondary education. Typical examples are
the calculation of the area under the ‘veloc-
ity—time’ graph of a particle’s motion across a
straight line which is equal to the particle’s dis-
placement and the calculation of the area under
the ‘force—displacement’ graph which provides
the work done by the force applied on a moving
body.

Howeyver, it must be noted that the total force
perpendicular on each side of the containers in

PHYSsIcS EDUCATION
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figures 2 and 3, can be also calculated using the
integral [9-11]:

F:LP~dA (A1)

According to figure Al(a), the elementary area dA
isequal to: dA = a - dx

However, according to figure Al(b),
ok 1
x= sin 6 dx = sinﬁdy

In addition, the hydrostatic pressure at dis-
tance y below the liquid’s free surface is:

Hence, equation (A.1) can be written in the form:

h h
a g-a
F:fop.g. ._.dy:&.foy.dy

) sin 6 sin 6
p-g-a |y _pgalh
T '[2 07 2-s8inf
a-h h
=Py T g AT =pg A —
_p-gh-A
2

Received 31 December 2015, in final form 13 March 2016
Accepted for publication 18 April 2016
doi:10.1088/0031-9120/51/4/045010

Stylianos-Vasileios Kontomaris
received a degree in Physics in 2008
from the University of Patras in
Greece and a Master of Science in
Microsystems and Nanodevices in
2010 from the National Technical
University of Athens (N.T.U.A.).
Moreover, he received his PhD in the
area of Biophysics and Biomedical
Engineering (February 2016) from the National Technical
University of Athens (School of Electrical and Computer
Engineering, Biomedical Optics & Applied Biophysics
Laboratory). In addition, he has worked since 2010 as a
physics teacher at four private educational institutes and
has served as teaching assistant in Biomedical Engineering
in Biomedical Optics & Applied Biophysics Laboratory of
N.T.U.A.

July 2016

References

[1] Klein E 1997 Conversations with the Sphinx:
Paradoxes in Physics (London: Souvenir Pr Ltd)

[2] Chambadal P 1973 Paradoxes of Physics ed
F Fontana and R Di Capua (Transworld:
Transworld Student Library)

[3] Selleri F and van der Merwe A (ed) 1998 Quantum
Paradoxes and Physical Reality (Fundamental
Theories of Physics) (Berlin: Springer)

[4] Rohrlich F 1989 From Paradox to Reality:

Our Basic Concepts of the Physical World
(Cambridge: Cambridge University Press)

[5] Fontana F and Di Capua R 2005 Role of
hydrostatic paradoxes towards the formation
of the scientific thought of students at
academic level Eur. J. Phys. 26 1017-30

[6] Ganci S 2012 A hydrostatic paradox revisited
Phys. Educ. 47 1524

[7] Miranda E N 2009 An apparent paradox in
hydrostatics Eur. J. Phys. 30 L55-7

[8] Young H D and Freedman R A 2012 University
Physics with Modern Physics 13th edn
(Reading, MA: Addison-Wesley)

[9] Serway R A and Jewett ] W 2014 Physics for
Scientists and Engineers with Modern Physics
9th edn (Boston, MA: Brooks Cole Cengage
Learning)

[10] White F M 1999 Fluid Mechanics (New York:
McGraw-Hill)

[11] Munson B R, Young D F and Okiisshi T H
1998 Fundamentals of Fluid Mechanics
(New York: Wiley)

Anna Malamou received a degree
in Electrical Engineering and
Computer Science in 2007 from the
National Technical University of
Athens (N.T.U.A.) in Greece and a
Master of Science in Microsystems
and Nanodevices in 2010 also from
N.T.U.A. Since 2011 she has been a
PhD Candidate in the area of Radar
Imaging and Signal Processing in
the Radar Systems and Remote Sensing Lab of School of
Electrical & Computer Engineering of N.T.U.A. She has
worked as a software engineer (2008) and an electrical
engineer (2010) in various companies. Since 2010 she
has been a teaching assistant in ASPETE—School of
Pedagogical and Technological Education in Greece. Since
2015 she has also been a lecturer and module leader in
Athens Metropolitan College (AMC), Greece. Moreover,
she is co-author of two university books regarding Power
Systems and Electrical Circuits.

PHYSsics EDUCATION


http://dx.doi.org/10.1088/0143-0807/26/6/009
http://dx.doi.org/10.1088/0143-0807/26/6/009
http://dx.doi.org/10.1088/0143-0807/26/6/009
http://dx.doi.org/10.1088/0031-9120/47/2/152
http://dx.doi.org/10.1088/0031-9120/47/2/152
http://dx.doi.org/10.1088/0031-9120/47/2/152
http://dx.doi.org/10.1088/0143-0807/30/4/L03
http://dx.doi.org/10.1088/0143-0807/30/4/L03
http://dx.doi.org/10.1088/0143-0807/30/4/L03
http://dx.doi.org/10.1088/0031-9120/51/4/045010

